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ALGEBRAS 



SEBASTIAN BURCIU 

Abstract. Andruskiewitsch and Schneider classify a large class of pointed 
Hopf algebras with abelian coradical. The quantum double of each such Hopf 
algebra is investigated. The quantum doubles of a family of Hopf algebras from 
the above classification are ribbon Hopf algebras. 



Introduction 

Quasitriangular Hopf algebras have an universal i?-matrix which is a solution 
of the Yang-Baxter equation and their modules can be used to determine quasi- 
invariants of braids, knots and links. Drinfeld's quantum double construction gives 
a method to produce a quasitriangular Hopf algebra from a Hopf algebra and its 
dual. 

The concept of ribbon categories was introduced by Joyal and Street. Their 
definition requires the notion of duality and provides isotopy invariants of framed 
links. Through their representations, ribbon Hopf algebras give rise to ribbon 
categories. They were introduced by Turaev and Reshetikhin in fT6] who also 
showed that the quantum groups of Drinfeld and Jimbo are ribbon algebras. A 
ribbon Hopf algebra is a quasitriangular Hopf algebra which possesses an invertible 
central element known as the ribbon element. 

Kauffman and Radford [TT] have shown that the Drinfeld double -0(^4^) of a 
Taft algebra Ai (of dimension l^) has a ribbon element if and only if I is odd. The 
ribbon element of D{Ai) for / odd, provides an important invariant of 3-manifolds 
(see p]). In |TTj the authors also gave a criterion for a general quantum double to 
possess a ribbon element. Benkart and Witherspoon investigated the structure of 
two parameter quantum groups of sin and gin [6]. In |7j they have shown that the 
restricted two parameter quantum groups s(s/„) are quantum doubles of certain 
pointed Hopf algebras and possess ribbon elements under certain compatibility 
conditions between the parameters r and s. 

In this paper we provide a new class of quantum doubles which possess ribbon 
elements. They are the quantum doubles of a family of pointed Hopf algebras 
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constructed by Andruskiewitsch and Schneider in [2]. The pointed Hopf algebras 
from P] are hftings of Radford's biproducts of Nichols algebras with group algebras. 
The Radford biproducts are their associated graded algebras with respect to the 
coradical filtration. Andruskiewitsch and Schneider [2] showed that, under some 
restrictions on the group order, all finite dimensional pointed Hopf algebras having 
an abelian group of grouplike elements are this type of liftings. The definition by 
generators and relations of these pointed Hopf algebras is very similar to that of 
quantum groups and it includes Lusztig's small quantum groups. 

If G is an abelian finite group and V a Yetter-Drinfeld module over kG with a 
braiding of finite Cartan type ( see ^ ) then let A = kG^^BiV), where B(y) is 
the Nichols algebra of V. We show that D{A) is a ribbon Hopf algebra. 

In Section [1] we present the construction of the finite dimensional pointed Hopf 
algebras with abelian coradical constructed in [2J. 

In Section [2]the dual Hopf algebra of such a pointed Hopf algebra is investigated. 
If there are no linking relations it is shown that the dual Hopf algebra contains a 
subalgebra isomorphic to a Nichols algebra. A pointed Hopf algebra whose root 
vectors are nilpotent is called a Hopf algebra of nilpotent type. In the situation 
of a Hopf algebra of nilpotent type and no linking relations the structure of the 
dual algebra is completely determined in this section. This recovers a result from 
[3]. If the Hopf algebra is not of nilpotent type in the above sense, then its dual 
might not be anymore pointed and/or of nilpotent type. It will be interesting to 
completely determine the Hopf structure of the dual Hopf algebra in this situation. 
This would give new examples of Hopf algebras similar to that determined for rank 
one by [I2]. 

Section [3] investigates the algebra structure of the quantum double of a pointed 
Hopf algebra from Andruskiewitsch and Schneider's classification when there are 
no linking relations. In the nilpotent type situation, namely A = kG^B{V) the 
quantum double structure of D{A) is completely determined. They have the same 
defining relations as the restricted two parameters quantum groups but with more 
grouplike elements. As an example, it is shown that for certain abelian coradical 
groups, the quantum double is indeed a quotient of a two parameter quantum 
group being isomorphic to the restricted two parameter quantum groups. This 
can be regarded as a generalization of the fact that a the quantum double of a 
Taft algebra is a a quotient of Ug^ 9-1(5/2). 

In Section m some notions about Hopf algebras in braided category are reminded. 
The integrals and distinguished grouplike elements of the bosonization algebra are 
given. In [TT] the authors gave a criterion to decide when a quantum double is a 
ribbon Hopf algebra. Using this criterion a sufficient condition for the quantum 
doubles of byproduct Hopf algebras to be ribbon is given. 

Section [5] describes the integrals and the distinguished grouplike elements for 
the class of Hopf algebras of nilpotent type with no linking relations, as well as 
for their dual Hopf algebras. It is shown that the quantum doubles corresponding 
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to the pointed Hopf algebras of the form B{V)i^kG where V &q yU are ribbon 
algebras. 

The Appendix, contains some quantum binomial formulae taken from [3] and a 
crucial lemma that is used in Section [2l 

Throughout this paper we work over an algebraically closed field of characteristic 
zero. For an abelian group G and an element g & Ghy < g > is denoted the cyclic 
subgroup of G generated by g, and by G the group of linear characters of G. For 
g E G, the element g E G is defined as g{x) = xi.9) for X ^ G. 

The standard Hopf algebraic notations from [T^ are used. For a Hopf algebra 
A, by A^^ is denoted the A-module which has the underlying vector space A and 
for which the action of A is given by the adjoint action ad^{x){y) = ^ XiySx2- 

1. The pointed Hope algebras with abelian coradical 

Let V = {G, {gi)i<i<e, {Xi)i<i<e, {ciij)i<i,j<e) be a datum of finite Cartan type 
associated to an abelian group G. That is gi G G and Xi ^ G such that Xi{9i) 1 
for all 1 < i < 6' and the Cartan condition 

Xj{9i)Xi{9j) = Xi{9iT' 

for all 1 < i, j < 0. The matrix (ajj)i<j ,,<e is a Cartan matrix of finite type. Let 
$ be the root system corresponding to the Cartan matrix (cijj), be the set of 
positive roots of the root system $, and H = {ai, ■ ■ ■ , ae} be the corresponding 
set of simple roots. For a^, aj G H one writes ? ~ j if the corresponding nodes 
in the Dynkin diagram are connected. Let A = {^ij)i<i.j<e,iooj be a set of linking 
parameters, that is Xij G k and 

Xij = 0, if gigj = 1 or XiXj e 

Let V a finite dimensional Yetter-Drinfeld module over the group algebra kG. 
Suppose V has a basis (xj)i<j<6) with Xi G where V^^' := {gv = Xi{9)fJj ^{'^) = 
gi®v} and 5 is the comodule structure of V . The group G acts by automorphisms 
on the tensor algebra T(y) where g{xi) = Xi{9)^i- The braided commutators 
[xi, y]c = adc{xi){y) are defined by 

adc{xi){y) = Xiy - gi{y)xi 

for all y G T{V). The induced map c : T{V) ® T{V) T{V) ® T{V) given by 
c{xi ® y) = giiy) ® Xiis & braiding and T{y) becomes a braided Hopf algebra in 
the category of Yetter-Drinfeld modules. 

Andruskiewitsch and Schneider [2] introduced the following infinite dimensional 
Hopf algebra U{V, A) defined by the generators g E G and Xi, - ■ ■ ,xq. As an 
algebra, the relations in U{T>, A) are those of G and 

9Xi9~^ = Xii9)xi 
adc{x.;)^-''''ixj) = (i ^ J, i ~ j) 
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adc{xi){xj) = A,j(l - giQj), {i < j, i ^ j) 
The coalgebra structure of U{V, A) is given by 

^(g) = 9^ A(xi) = Xi®i + Qi® Xi 

for all (7 G G and 1 < z < 6'. Remark that adc{xi){y) = ad{xi){y) for all y E A. 

Assume that the order Ni of Xiidi) is odd for all i and is prime to 3 for all i 
in a connected component of type 6*2 • The order of Xi{9i) is constant in each 
connected component J; denote this common order by Nj or if a is a positive 
root belonging to the component J. 

For any a E a = J^lZii^iCd^ l^t ht(a) = X]i=i^*- 

9.=9r---9T and x.=Xi'---x7- 
Let (/Ua)Q:e$+ a system of root vectors parameters, this means that fi^ E k and 

= if 9^" = 1 or ° 7^ e- 

Consider (x^ the root vectors corresponding to the positive roots a E 
They are iterated braided commutators of Xj [2]. 

The finite dimensional Hopf algebra u(V, A, /x) is the quotient of U(V, A) by 
the Hopf ideal generated by 

where the elements u^{fi) E kG are defined in |2J. It will be later used the fact 
that u^{fi) are central in u(V, A, /i) and they lie in the augmented ideal generated 
by r?f'-l (see 0). 

We say that A = u(V, A, fi) is of nilpotent type if /i^ = for all a E It 
follows from [2] that in this situation u^{fi) = for all a E and we shortly 
write A = u(V, A) 

Over a field of characteristic zero any pointed finite dimensional Hopf algebra 
with an abelian group G of grouplike elements such that the order of G is not 
divisible by primes less than 11 is isomorphic to some u{V, A, /x) [2j- 

1.1. PBW-bases of U{'D, A). Let yi,-- - ,yp the ordering of {x^)^^^+ corre- 
sponding to the convex ordering Pi, - ■ ■ Pp of the positive roots. In the paper [2] 
it has been shown that {yi^---yp^9 | ttj > 0, g E G} form a PBW-basis of 
U{V, A). The images of yi in the quotient u{V, A, /i) are also denoted by yi. 
Then {y"^ ■ ■ ■ yp''g \ < Mj < Np. — 1, g E G} form a basis for A = u(V, A, /i). 

1.2. Grading of U{V, 0). Let e^,--- ,eg be the standard basis of Z^. Then 
U(V, 0) is a Z^-graded Hopf algebra [2] where the degree of Xi is e ^ and any 
group element g E G has degree zero. Given a homogeneous element x in U {V, A) 
we denote its degree by dim(x). 

If M e W, let 

i/u — ill i/p ) 
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= Xft"^ ■ ■ ■ X,3/^ 
Note that if m = then = g,^ = 1 and Xu = ^• 

For any positive root Pi = Yl^j=i'^ij'^j o'^^ has dim(t/j) = Yl'j=i^ij^j > and 
if M G then dim(y„) = Y7i=i Uidim{yi). 

Since gxig~^ = Xi{g)xi one has that gy^g~^ = Xu{g)yu for all u G W. From [18] 
one knows that if 1 < « < j < p then 

Hi, j) 

where 

i-i 

j) = {{a-i+i ■■■ , aj_i) G I ^ a5dim(?/s) = dim{yi) + dim{yj)} 

s=i+l 

and c(ai+i, ■ ■ ■ ctj-i) G A;. 

It follows that in U{V, 0) one has 

(1-1) VuV^ = y^^^wiM^ ^) 

such that a^(tt, y) E k and dim(|/^) = dim(?/^) + d\m{y^). 
Let 

(1-2) A(i/j= yA,^®yJl,n, 

in U(V, A) where ci^ ^, (i^ ^ G A;. Since [/(P, A) is a Z^-graded Hopf algebra one 
has that dim{yj = dim{yj + dim{y^). 

1.3. The situation A = u{V, 0, fi). Consider now A = u{T>, 0, fi) as quotient 
oiU{V, 0). 

Then the multiplication relation 11.11 becomes 

(1-3) yjj^= Yl y^^iM^ ^) 

where now a wiiLi v) ^ kG and dim(?/^) < dim(?/^) + dim(?/^). 
The comultiplication is given by 

(1-4) A(y= Y yA,^^yJf,^ 

in u{V, 0, n) where now c|_^, (i| G A;G and dim(?/^) > dim{yj + dim(?/^). 

Let X be the ideal of kG generated by the elements u^ln), a G Then 
e(X) = and also Xji^) = for any I < j < 0. Indeed, the elements u^{fi) 
lie in the augmented ideal generated by g^^ - 1 (see [2]) therefore e(J) = 0. 
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On the other hand /ij 7^ imphes that Xi' = ^ from the definition of yUj. The 
equation Xj{gi)Xi{gj) = Xi{9iY'' raised to the power Ni gives that Xj{9i)^" = 1, 
thusx,(#-l) = 0. 

If dim(|/^) < dim(y^) + dim(?/^) in 11.31 then a^iu, v) ^ 1 since the only way 
to get a smaller degree in a product of type Ui^Hi^ ■ ■ - Vis is by using the factoring 
relations x^" = u^{fi). Then e(a^(M, v)) = 0. 

On the other hand if dim(?/^) > dim(y„) + dim(?/^) in the comultiplication 
formula [13] then by the same argument as above one has that ^ G X or (if ^ El. 

In this situation e{c^ ,^) = or e(c?f „,) = 0. Moreover, since cf or d^^^ is in 
the ideal X of kG generated by one also has Xi(cf w) — ^ Xi{d^ w) — 0' 

for all 1 < 2 < ^. 

1.4. The situation A = u{V, 0, 0). li A is of nilpotent type then the factoring 
relations are x^°' = and the degree is preserved by multiplication or comultipli- 
cation. Thus in this situation A = u(V, 0, 0) is also Z^-graded Hopf algebra and 
A ^ kGi^BiV) (see 0). 

2. The dual Hope algebra 

Let A = u{T>, 0, fi) a Hopf algebra as above. For 1 < / < p, let / ^ G be the 
element (0, ■ ■ ■ , 1, ■ ■ ■ , 0) with 1 on the l-th position. Consider the numbers rrii 
with 1 < rrii < p such that = (3^. for all 1 < i < ^. Thus = = U, 

Extend any linear characters x ^ C to an element of A* such that xiUud) — 

if tt 7^ 0. Consider also the following elements G A* defined by ^Ay^g) = 5u r 

- -—"li 

for all u G N^. One has that ^i(xja) = e(a) for all a G kC. 

The following lemma [[12], Lemma 1.] will be used in the proof of the third 
relation of the next proposition. 

Lemma 2.1. Let H be a bialgebra over the field k and suppose that K is a sub- 
bialgebra of H with antipode. Suppose that a G G{K) and x E H \ K satisfy 
xa = qax for some non-zero q E k and A{x) = x^a + l^x. Let V = K + Kx+- ■ ■ . 
Then: 

(1) V is a free left K-module under left multiplication with basis {1, x, x^, ■ ■ ■ } 
or {1, x, x^, ■ ■ ■ , x^~^} for some n >2. 

(2) Suppose that k has characteristic zero and V has left K-module basis 
{l,x, x^, ■ ■ ■ ,x^^^} for some n > 2. Then q is a primitive n-th root of 
unity and x" = c for some c E K which satisfies A(c) = c ® a*^ + 1 c. In 
particular a ^ 1. 

(3) Suppose that g G G{K) and z E K + Kx satisfy A{z) = z®g + l®z. If 
z ^ K then g = a and z = ax + b where a E K is not zero and b E K 
satisfy A{z) = b ^ a + 1 ®b. 
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Let A the subalgebra (with unit) of A generated by Xj, 1 < i < 6*. Some algebra 
and coalgebra relations for A* are given in the next proposition. 

Proposition 2.2. The following relations hold in A* : 

(1) Ate)_=e*® 1 + 

(2) X^iX~^ = X{9i)ii, ifx^ G{A*). In particular Xjii = XjiaditXj- 

(3) = 

(4) ad{iif~''^i {Q = for all l<i, j <e 

Proof. 1) From definition of C,i it can be seen that ^i{yg) = ^i{y) for all y & A and 
g E G. One has to show that C.iiab) = C,i{a)e{b) + Xi{(^)^i{b) for all a, b E A. It 
is enough to check the last relation on the basis elements of A. Thus one has to 
show that: 

(2.3) UivMyM = Uy^aHyM + x^iyM^{y^) 

for all u, v& W and all g, h E G. 

Since gy^ = xA9)y^9 it follows that ii{{y^g){yji)) = X.(^)6(2/.2/„^^) = 
= X„(^)6(l/„l/„)- On the other hand ii{y^g)e{yJi) + Xi{yu9)ii{yJ^) = 6(z/„)e(z/.) + 
+Xi{.yu9)iii.yv)- Thus one has to show that: 

xS9)ii{yuyJ = UvuHyv) + Xi{yu9)ii{y.) 

If M 7^ and w 7^ then dim(?/^) > and dim(?/^) > 0. The right hand side 
of the above equation is zero since e(?/„) = Xj(l/„fl') = 0. On the other hand if 
y^y^ written with respect to the above basis of A contains a term of the type XjOj 
with Oj G kG then since dim.{y^yj) 7^ dim(xj) it follows from the discussion of the 
previous section that e(aj) = and then ^i(xjaj) = 0. Thus in this situation both 
terms of the above equation are zero. (Note that dim(?/^?/„) = dim(xj) implies that 
u = f and w = or M = and v = f .) 

— —rrii — — — —mi ' 

Suppose now that tt = which means that = 1. The equation 12.31 becomes 
Xv{9)^i{yv) = Xi{.9)ii{yv)- From the definition of the only possibility for both 
terms to be nonzero is that oi v = f . which means y^ = Xi. In this situation the 
left hand side is Xr {9)^i{^i) = Xii.9) which is the same value as the one of the 
right hand side term. 

The last possibility to discuss is when v = which means that y^ = 1. Then 
the equation [2]3] becomes ^i{yj = ^i{yj- 

2) If X G G{A*) then xK(/^)) = x{x^") = xM'''' = 0. Since x{uM) = it 
follows that X is zero on the ideal X of kG. 

One has to prove that 

(2.4) X^i{yu9) = x{9i)iiX{yu9) 
for all ueW and g eG. 



8 



SEBASTIAN BURCIU 



As in the previous section, let 
where ^, ^ & kG. Then the first term of equation 12.41 becomes 

The only possibility for the right hand side term of the previous equality to be 
nonzero is when dim(?/^) = and dim(|/^) = e j which means w = and w_= f .. If 
dim(?/^) 7^ e j then this is possible only by reduction via the factoring relations and 
as in the discussion from the previous section it follows that either ^ or ^ 
are in the ideal X generated by u^{fi). Then either ^g) = (if cf ^ G X) 

or iihJwd^ ,w9) =0 (if (if ^ G X). Thus if dim(?/^) ^ e j the left hand side of the 
equation [23] is zero. 

If dim(?/„) = e j, which is equivalent to = Xi, then A{xig) = Xig®g + gig®Xig 
and xii{.Xig) = xi9i9)- 

For the second term of equation 12.41 one has that 

x{9iKix{yu9) = x{9i) Yl ^iiy^^,w9)x{y^d^,w9) 

A similar discussion shows that the only possibility for this term to be nonzero is 
when dim(7/„) = e j and dim(?/^) = which are equivalent to v = f ^ and w = 0. 
If dim(?/^) 7^ e j then as in the discussion from the previous paragraph it follows 
that either cf ^ or ^ are in the ideal X generated by (/x) and then the value 
of the term is still 0. 

If = Xi then, using the formula for A{xi), one has that x{9i)^iX{^i9) = x{.9i9)i 
thus the equation 12.41 is true in this situation too. 

Computing (A ® Id) A and (Id ® A)A for in the formula from 1) it follows 
that A(xj) = Xi®Xi-, thus Xi ^i-re grouplike elements of A* for any 1 <i <9. Then 
the second relation of 2) follows from the first one. 

3) Let H be the Hopf subalgebra of A*^°°p generated by and Xi Oiie has 
Xiii = Xi{.9i)iiXi ^ud the order of Xi{.9i) is ^i- The second statement of Lemma 
12.11 applied ioi K = k < Xi > and x = S,i gives that G k < Xi >■ But since 
^^'{g) = for aWgeG it follows that = 0. 

4) Let z = adi^iy-^'^iQ. Clearly z{g) = for all g G G{A) since ^j{g) = 0. 
From Lemma 16.61 from Appendix one knows that 2; is a skew primitive element of 
A*, that is 



A{z) = z^l + x^z 
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where x = xl ^'^Xj- Then z{gy) = xi9)^{y) dll g G G and y E A. On the other 
hand z{xiXj) = z{xi)e{xj) + x{xi)z{xj) — for all 1 < i, j < and by induction 
on r one has ^(xj^Xjj • • • a^v) = for all r > 2. 

In order to show that z = it is enough to check that z{xm) — for all 

i<m<e. 

Let /,/' e A*. Then 

{ad{f){f)){x) = {hrS{h)){x) = Mx,)f'{x2)f2{Sx,) 
for all X E A. Since 

= Xm ^ 1 ® I + Qm ^ Xm <^ I + gm ® gm ® Xm 

one has 

{ad{f){f)){xj = h{x^)ni)f2{l) + h{gm)nx„,)h{l) + h{g„.)ngra)f2{Sxm) = 

= f{Xra)e{f') + f{gm)f'{,Xm) + f (gmS (Xm)) f (gm) 

Suppose moreover that f{gm) = f'^Qm) = and e(/') = 0. Then {ad{f){f')){xm) — 
0. Clearly f = ii and /' = ad{^i)~"-'^ (Q) satisfy the above conditions, thus 

z{Xm) =0. □ 

Proposition 2.5. Let A — u{T>, 0, //) as a&o?;e anc? H he the subgroup of G 
generated by the elements < gf' | 7^ >. Then G{A*) — G/H. 

Proof. If X e G{A*) then relation gxig^^ = Xi{9)xi implies x{xi) — for all 
I <i <e. Thus x(Ati(5f* - 1)) = x{xf') = and since /^i 7^ it follows that 

xigf^) — 1 and X £ G/H. Conversely, suppose x^ G/H dG and extend x to an 
element in A* as at the beginning of this section. The equation x(a6) = 
will be verified on the basis elements of A. Suppose a = y^g and b = y^h. If m 7^ 
OYv^ then clearly x(a)x(6) = 0. On the other hand x(a6) = x(|/„|/„5'/i)x„(5') = 
since the part of degree zero of the product y^y^ is in I and by its definition x\x — 0- 
If u = and v ~ then the equation xi*^) — x(q)x(^) is satisfied since x is a 
character of G. □ 

Let A* the subalgebra of A* generated by {C,i)i<i<e- It follows that A* is the 
Nichols algebra of the G braided vector space W with basis given by Yi G 
Similarly to the construction for A, for any a G let be the corresponding it- 
erated commutators of ^j. Denote these elements with Yi, • • • ,Yp using the convex 
ordering of the positive roots. Clearly y^. = for all < i < 9. 

Let V = (G, {xi)i<i<e, {9i)i<i<e)^ (%)i<ij<e)- It can be verified that is a 
datum of finite Cartan type associated to the abelian group G. 

Corollary 2.6. If A ^ u{T>, 0, 0) is a pointed Hopf algebra of nilpotent type 
then A* — u{'D, 0, 0) is also a pointed Hopf algebra. A basis for A* is given by 
{XY^ \ ueW,0<Ui<Np,-l,X^ G}. 
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Proof. If /i = and A = then A is a Z -graded Hopf algebra and any x G G 
extended to A* as in the beginning of this section becomes a grouphke element of 
A*. The previous theorem implies that A* = kG^B[W) and the basis description 
follows from [2]. □ 

Remark 2.7. In a recent paper [13] it was proved that all the liftings of B(y)^kG 
where G is an abelian group whose order has no prime divisors < 11 are monoidally 
Morita-Takeuchi equivalent and therefore cocycle deformations of B{V)4^kG. Thus 
their dual algebras are the same and Corollaru \2.6[ remains true for any lifting of 
B{y)i^kG. Thus zfA = u{V, A, /z) then A* ^ 0, 0) as algebras for any A 
and fi. 

3. The quantum double of A 
Let A = u{V, 0, /i) as in the previous section. 

Proposition 3.1. The following relations hold in D{A): 

(1) g^^g-^ = x^\g)i^ foT all g E G . ^ 

(2) = ■yg for any g E G and 7 G G. 

(3) Xiij = ijXi fori ^ j. 

(4) [xi, = Xi ~ 9i for all 1 < i < 9 . 

(5) //7 G G{A*) then 7-^x^7 = 7(c/i)xi for alll<i<e. 

Proof. One has that 

a/ = (ai ^ / ^ 5^^03)02 

for all a G A and f E A* . For the first formula notice that g^i = {g ^ ^ 9^^) 9 
and g ^ g-^ = x7^i9)^i- Similarly 517 = (51 ^ 7 ^ g~^)g and 51 ^ 7 = 7(51)7 
while 7 ^ g~^ = '~f{g~^)'~f. Thus the second formula is proved. 
To prove relations 3) and 4) notice that 

A^(xi) = gi ® Xi 1 + Xi ® 1 ® 1 + gi ® gi Xi 

Then Xif = {gi f)xi + Xi f + {gi ^ f ^ S'^Xi)gi, for all / G A*. 
Since S~^Xi = —Xig~^ this last formula becomes 

(3.2) Xif = {gi f)xi + Xi ^ f - {gi ^ f ^ Xi ^ 9i^)9i 

If / = with j ^ i then g^ = and the first term of the above equality is 
C,jXi. On the other hand the other two terms are zero since Xi = ^ Xi = 0. 
Indeed {xi ij){y^g) = ^j{y^gxi) = Xi{9)ij{yuXi9) = Xi{9)^j{yuXi)- Since i ^ j 
one has dim{y^Xi) 7^ dim(xj). Then the product y^Xi has a term of the type Xjaj 
with aj G kG in its writing as linear combination of the standard basis (after 
putting all terms Xjg together) only by using the factorizing relations. Thus in 
this situation aj G X and e{aj) = which implies that ^j{xjaj) = 0. Similarly, 
^ Xi = and the third relation is proved. 
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For the next relation suppose that f = ^i- Then gi ^ = and the first 
term of the above equality is ^jXj. On the other hand Xi ^ = Xi since (xj ^ 
^i)iyu9) = UVugXi) = Xi{9)ii{yuXi9) = Xi{9)ii{yuXi) and if M ^ (which means 
that dim(?/^) 7^ 0) then as before this term is zero. If m = which means = 1 
then {xi ii){y^9) = {xi ii){g) = ^iigxi) = Xiig)- Thus the second term of 
equation 13.21 is Xi- The last term, —{gi ^ ^ Xi ^ gi^)9i is equal to -gi since 
gi ^ ii = ii, ii ^ Xi = e and e ^ g^^ = e. The proof for C,i Xi = e is similar to 
the one of Xi ^ C,i = Xi- The proof of 4 is now complete. 

For the last relation put / = 7 in l3.2[ One has ^ 7 = 'j{gi)'J- The other two 
terms are zero since a;j^7 = 7^Xj = 0. The proof of these facts is similar to 
the one in part 3). One uses that 7 is zero on X since 7 G G{A*). □ 

Let A = u{V, 0, 0) with V = {G, {gi)i<i<e, {Xi)i<i<e, («ij)i<i,j<0) a Cartan 
datum of finite type. Using Proposition 13.11 and formula 16.71 from Appendix the 
following relations hold in D{A): 

(3.3) xf = {ia-'r^ = 

(3.4) {.gx)xi{,gxY^ =< Xi9i'\ 9X > Xi 

(3.5) {gx){^iX7^){9Xr^ =< X7^9i, 9X > 6 

(3.6) adixi^-"^^ (xj) = 

(3.7) ad{^a7')'-^H^,xj') = 

(3.8) ad{xmx7') = il-9^x;') 

(3.9) A{xi) = Xi^l + gi^Xi 

(3.10) mxi') = Xi' ® ^^X7' + ^iXi' ® 1 
To verify the relation 13.81 one has 

ad{xi){^iX~^) = Xi^iXi^ - gSxi'gi'xi = {xi^i - ^iXi)x~^ = (1 - 9iX7') 

Consider V = {G x G, (ai)i<i<20, (Aii)i<i<2e, (%)i<i,i<2e) where ai = gi, 
ae+i = xi' and fii = Xi^i', l^e+i = Xi'^i for all 1 < i < 61. 

The matrix (bij) consists of two diagonal copies of the matrix aij. It can easily 
be verified that T>' is also a datum of finite Cartan type associated to the abelian 
group G X G. (The character group of G x G is identified with G x G.) 

Define the linking parameters A given by 

A.,-!'- ' = . 
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If the generating variables of U(T>', A) are denoted by Zi then define 

: U{V', A) ^ D{A) 

by 

= 9X, HZi) = Xi, (f){ze+^) = ^^x7^ 

for all G G and x ^ G and for all 1 < i < 6'. 

Relations (3.3)-(3.8) show that is a well defined algebra map and relations 
(3.9)-(3.10) imply that is a Hopf algebra map. In the next corollary it is proved 
that (j) induces an isomorphism of Hopf algebras : u{V\ A) D{A). (See also 
0.) 

Corollary 3.11. Let A = u{V, 0, 0) be a pointed Hopf algebra with V = 
{G, {gi)i<i<e, {Xi)i<i<9, (aii)i<i,i<e) a Cartan datum of finite type . 

1) Let V = {G X G, (ai)i<i<29, (yUi)i<i<20, {bij)i<i,j<2e) and A defined as above. 
Then D{A) ^u{V', A). 

2) The quantum double D{A) is generated by G, G, Xi, ^i, {i = 1, 9) with the 
defining relations given by those of A , A* and the relations from Proposition \3.1\ 

Proof. If A is of nilpotent type with no linking relations then G = G{A*) and the 
last relation of the Proposition 13.11 holds for any '-f & G. Then it follows from 
Corollary 12.61 and the PBW-basis description of A that as an algebra D{A) is 
generated {g, x, Xi, ^i, \ g&G, x^G,l<i< 9}. This implies that the above 
map is surjective. Let s the number of connected components of the Dynkin 
diagram of the Lie algebra g. Since dim U{V, A) = jCp J^^^^ A^,^^' = dim D{A) 
it follows that ip is an isomorphism. □ 

Let r be an abelian group n > 1, Ki, Lj G F, G F for all 1 < i < n, and 
(aii)i<i, j<n a Cartan matrix of finite type. A reduced datum of Cartan finite type 
was defined in [T5] . 

It consists of a datum "Dred = ^^red(F, (Li)i<j<„, (Ki) 
such that: 

XJmx^{K,) = xi{K,r\ 

Xi{Lj) = Xj{Ki), 
K,L,=^ I, and x.{Ki)^l 

for all 1 < i, j < n. 

Let Prod be a reduced datum of finite Cartan type and X a Yetter-Drinfeld 
module over A;[F] with basis xi, ■ ■ ■ , x^, yi, ■ ' ' > 1/n where Xi G X^* and yi G X^,. 
Let (/i)i<i<n be a family of nonzero parameters in k. 

Let F acting on the free algebra k < xi, ■■■ yi, ■■■,?/„> by •yxi = 
X^'^{'j)xi and jyi = x{l)yh for all 7 G F and 1 <i <n. 



DRINFELD DOUBLES 



13 



The Hopf algebra U (Prcd, is defined [I5] as the quotient of the smash product 
k < Xi, ■ ■ ■ , Xn, Vi, - ■ ■ ,yn > #^[r] niodulo the ideal generated by 

adcixiY'""^ (xj) for all l<i, j<n, i^j 

adciyiY'"'' iVj) for all! < i, j < n, i ^ j 
XiUj - Xj{Li)yjXi - Sijli{l - KiLi) for all 1 <i, j <n 
Example 3.12. 

This example shows that D{A) is a quotient Hopf algebra of [/{Vj-^d, I) whose 
representations were studied in [15j. 

Let A = u{V, 0, 0) with V = {G, {gi)i<i<e, {Xi)i<i<e, («ij)i<i,j<e) a Cartan 
datum of finite type. 

Let^Pred = "Predir, (Li)i<i<9, {Ki)i<i<0, {iM)i<i<e, {aij)i <i,j<e) where T = 
G X G, Li = gi, Ki = Xi^ and yUj = Xi^di- ( T is again identified with G x G.) 
Let li = = 1 for all 1 < i < n. Then from [TJ], page 27 it follows that 

U{Vred, I) = U{V', A), thus D{A) is a quotient of U(Vred, 0- 

Example 3.13. 

In the next example we will show that certain quantum doubles can be realized 
as quotients of two parameter quantum groups. This can be regarded as a gener- 
alization of the well known fact (for type Ai) that the quantum double of a Taft 
algebra is a a quotient of Uq q~i{sl2). 

Let C = {ciij)i^i be a Cartan matrix of finite type and g the associated 
semisimple Lie algebra over Q. Let rfj G {1,2,3} be a set of relatively prime 
positive integers such that dittij = djaji for all 1 < i, j < 6- Let r, s be two 
rational numbers such that rs~^ is a root of unity of odd order and prime with 
3 if g has components of type G2. One can choose r, s, N such that = = 1. 
Let Ti = r'^^ and Si = s''^ for 1 < i < 0. 

Let < — , — > be the Euler form of g which is the bilinear form on the root 
lattice Q defined by 





diCLijj 


i < j 


< i, J >:=< Oj, aj >= 1 




i = j 




[o. 


i > j 



To the Lie algebra g and the numbers r, s one can associate a two parameter 
quantum group U := Ur,s{g) as in \T0]. Ur^ s{g) is generated by Cj, ujf^, u'^^^ 
subject to the following relations: 



/±1 /Tl 1 
UJi UJi^ = 1. 



R1 N , , ±1, , ±1 _ , ,±1, ,±1 , /±1 /±1 _ 
Hi ) UJi LUj — LUj CUj , LU- Ulj — 

+1 /±1 /±1 ±1 ±1 ^1 
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R2) ujiejuj-^ = r<^' ^>s-<^' ^>ej, uj'fijJ'^ = r-<'' ^>s<^' '>ej. 
R3) ujjjoor' = r-<^''>s<''^>fj, oo'J^u'-^ = r<'' ^> s-<^^^> f,. 
R4) Cifj — fjCi = jtp^- 

R5) E;:o^(^ ~)!''Xs-^<^^e^"'''~'e,e^ = if ^ ^ j. 

where c^f = (^7..s-i)'=^(fc-i)/2^fc<i. »>_g-fc<«. for i ^ j and (^)^ is the quantum 

binomial coefficient, see Section [61 Ur^sid) is a Hopf algebra with the comultipli- 
cation given by 

/\{ut') = cot' ® A(^f = ® ^'t\ 

A{ei) = ® 1 + ® Ci, A(/i) = fi®uj'i + l0 fi. 
The counit is given by 

6(^,^1) = 1, e(^f^) = l, 6(e.) = 6(/.) = 

and the antipode is given by 

Let G = nLi 91^92, ■■■ ,9e be generators of each component of the 

product. Define Xi ^ by Xi{9j) = r'^*' ■'-^s"^-'' It can be checked that Xi are 
well defined and V = (G, (5'j)i<j<0, (Xi)i<i<e, {(^ij)i<i,j<0) is a Cartan datum of 
finite type. Let A = u{T>) := u{V^ 0, 0). We will show that D{A) is a quotient 
of the two parameter quantum group Ur^s{g). Define ip : Ur^si.9) ~^ '"(^) by 
V'(ei) = -^-rXi, ipifi) = - — tPi^i) = 9i, i'i^i) = Xi- Using formula [621 
from Appendix it can be checked that ip is well defined. The relations R5) and R6) 
are sent to by since a(i^(xi)^~"'^ (x-,) = and respectively ctfi^* (^j)"*^""'^ (0) = 0- 
It can be checked that -0 is a Hopf algebra map. Clearly the ideal of U generated 
by < ef, fl^, — 1, u't^ — 1 > is contained in the kernel of ijj. A dimension 
argument implies that 'kei{^) =< ef, //^, — 1, cu,'^ — 1 >. 

4. Braided Hope algebras 

Let if be a finite dimensional Hopf algebra and R &h be a Yetter-Drinfeld 
module over H. 

Recall that R is called a braided Hopf algebra in ^yT> if it is an algebra and 
coalgebra such that the comultiplication and counit are morphisms in ^3^1^. 
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Let A and H be Hopf algebras and p : A ^ H and j : H ^ A Hopf algebra 
homomorphisms such that pj = idn Let 



Then i? is a braided Hopf algebra in with the following structures: 

(1) H acts on R via the adjoint action. 

(2) The coaction of H is {p^ id) A. 

(3) i? is a subalgebra of A. 

(4) The comultiplication on R is given by A^(r) = rijpS{r2) ^ E R® R. 

For all r G -R one has p{r) = e(r)l/^. This can be seen applying m(j9 (8> Sh) to the 
identity ri ^ p{r2) = r (g) 1. 

Define u : A ^ R hj z/(a) = aijpS{a2)- Then z/(a6) = aiu{h)ipS{a2) and 
v{aj{h)) = v{a)j{h) for all a, 6 G A and h E H. It can be proved that u is a. 
coalgebra map and it induces a coalgebra isomorphism v : A/Aj{H)~^ = [4]. 
Thus V* : R* ^ A* is an algebra embedding and 

(4.2) z/*(i?*) = {/ G A* I /(az(/i)) = f{a)e{h) for all a G A, /i G H} 

4.L The map cf) : A ^ RH^H given by a ^— i'{ai)jj^p{a2) is an isomorphism of 
algebras with the inverse given by r^h ^ rj{h). 

4.2. Dual Hopf algebra. One has that p* : H* A* and j* : A* ^ H* are 
Hopf algebra homomorphisms such that j*p* = idn* Then 



^.coH'._ = {/GA*|(id®j*)A(/) = /®e} = 

= {/ e A* I /(aj(^)) = /(a)e(/i) for all a G A, h E H} = 
= u*{R*) 

Thus A* = R*i^H* via / ^ fiP*j*{Sf2)i^j*{h) with the inverse given by 



{r*Mirm = {u*{r*)p*imrjih)) = u*{r*)injih))p*{f)ir2j{h2)) 

= V*{T*){T,)p*{f){T2m)=T*{n){f){p{T2)h) 

= r*{r)f{h) 

4.4. By duality one has that A = A** = R**i^H** = Rjj^H and it can be checked 



that the isomorphism obtained in such a way is just the isomorphism from 14. ll 
For all r G -R and h E H it follows that S^^j{h2)rj{hi) E R since 



(4.1) 



R:=A 



{a G v4 I (id (g) p)A{a) = a (g) 1} 



4.3. Under this isomorphism one has that 



{{id(g)p)A){S-'j{h2)rj{h)) 



S-'j{h,)nj{h,)^p{S-'j{h)r2j{h2)) 
S-'jih,)rjih)®piS-'jih)jih2) 
S-'jih)rj{h2) (S) 1 
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4.5. Definition. Let A be a finite dimensional Hopf algebra. An element z G A 
is called a left integral of A (respectively right integral of A) if az = e{a)z 
(respectively za = e{a)z) for all a & A. The space of left (resp. right) integrals of 
A is a one dimensional ideal (resp. of A and S{J^^) = where S is the 
antipode of A (see [Hj). 

If ^ G is a nonzero left integral of A, then there is a unique grouplike element 
7 G G{A*), called the distinguished grouplike element of A* such that za = 
7(a)z, for all a E A. If G then az' = •y^^z', for all a E A. 

If A G is nonzero, then there exists a unique grouplike element g G G{A) 
such that /A = f{g)X for all / G A*. The element g G G{A) is 
called the distinguished grouplike element of A. 

4.6. Left integrals in A. Let x be a left integral of R and A be a left integral 
of H. Then Ax = Ki.xjj^K2 is a left integral of A. Clearly h{Ax) = e{h)Ax and 
r(Ax) = Ai((S'A2).r)x = Aie(S'(A2).r)x = e(r)Ax for aA\ h e H and r e R. 

4.7. There is 7 G G{H*) such that h.x = '~f{h)x for all h E H. Indeed 

r{h.x) = r{j{hi)xj{Sh2)) = j{h3){S^^j{h2)rj{hi))xS{h4) 

= j{hs)e{S-'j{h2)rj{h))xS{h,) 
= e{r){j{hi)xj{Sh2)) 

Thus h.x is an integral in R and since the space of integrals is one dimensional it 
follows that h.x = 7(/i)x for some 7 G G{H*). 

4.8. The distinguished grouplike element of A*. Let and be the dis- 
tinguished grouplike elements of R and H. Then xr = a^(r)x and Ah = a^{h)A 
for all r G -R and h E H. Let be the distinguished grouplike element of A. 
Then is given by the following equation: (Ax)(r#/z) = a^(r#/i)(Ax). 

On the other hand 

(Ax)(r#/i) = aH(r)(Ax/i) = ajj(r)A/i2(5-i(/ii).r) 

= (^Rir)a^{h2)j'\hi) = a^{r){-f~^a„){h) 
Using it can be shown that = a^^^'y^^aH- 

4.9. Right integral in A*. If t is a right integral in R* and A a right integral in 
H* it can be similarly checked that t^X is a right integral in A* ( see also ^). 

Similarly to 14.71 it can be proved that there is a group like element g E H such 
that f.t = f{g)t for all / G H*. Indeed 

ifMf2)y = fit{Sf,r*S^f,)Sf2 

= fMSf,r*S'fs)Sf2 = 
= r*il)f,tSif2) 



DRINFELD DOUBLES 



17 



for all r* G R* and / G H*. Thus f.t is an integral in R* and since the space of 
integrals is one dimensional it follows that f.t = f{g)t for some g G G{H). 

4.10. The distinguished grouplike element of A. Let g^^ and g^ be the distin- 
guished grouplike elements of R* and H*. Thus r*t = r*{g^)t and h*X = h*{g^)X 
for all r* G -R* and /i* G H*. It follows that the distinguished grouplike element 
of Ais g^= gj,ifgg„. Indeed, 

(r*#/)(t#A) = T\h.t)i^h\ = Mgym2{g,)X = r*{g^)f{ggj 

for all r* G -R* and / G if*. Using |0 and |0] it follows that g^ = gj^ij^gg^- 

4.11. The situation when i? is a graded braided Hopf algebra. Suppose 
R = ®iLoR{'>') is a graded braided Hopf algebra with -R(O) = k. Then R{N) = k 
is the space of left and right integrals in i? . Thus R is unimodular and = e. 
If -R = Q)^QR{i) is a graded braided Hopf algebra in ^yV with -R(O) = k then 
R* = ®fLf^R{i)* is a graded braided Hopf algebra in |flyx>. Thus R* is also 
unimodular and g^ = 1. Thus in this situation = e#7~^a^ and g^ = l^^gg^ 

4.12. Ribbon elements. A Hopf algebra A is called quasitriangular if there is an 
invertible element R = Yl ^t^Ui ^ A^A such that A(a) = RA{a)R~^ for all a G A, 
and i? satisfies the following relations (A ® id)i? = R13R23, (id ® A)_R = R13R12 
where i?i2 = (g) ?/i 1, i?i3 = ® 1 ® i?23 = X] 1 ® ® Let 
M = ^ S{yi)xi. Then uS{u) is central in A and is referred to as the Casimir 
element . 

An element v E A is called quasi — ribbon element of a quasitriangular Hopf 
algebra {A, R) if: 

(1) = c 

(2) S{v) = V, 

(3) e{v) = 1, ^ 

(4) A{v) = RR-'^{v (g) v) where R = Y^Vi Xi ii R = Vi- 

If V is central in A then f is called ribbon element of A and {A, R, v) is called 
ribbon Hopf algebra. Ribbon elements are used to construct invariants of knots 
and links HI] [H], [E]. 

The Drinfeld double D{A) of a finite dimensional Hopf algebra A is a quasitri- 
angular Hopf algebra with R = ^(l(g)ej)(g)(/j(g)l) where Cj and /« are dual bases 
of A and A*. Kauffman and Radford provided the the following criterion for a 
Drinfeld double D{A) to be a ribbon Hopf algebra. 

Theorem 4.3. [TT] Assume A is a finite dimensional Hopf algebra and let g and 
7 be the distinguished group-like elements of A and A* respectively. Then: 

i) D{A) has a quasi-ribbon element if and only if there exist group-like elements 
h e A, 6 e A* such that h"^ = g and 6'^ = 'j 
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a) {D{A),R) has a ribbon element if and only if there exist h and 6 as in i) 
such that 

S'^{a) = h{S^a^ 5-^)h-^ 

for all a E A. 

4.13. Condition for D(A) to be ribbon. According to 14.31 D(A) is a ribbon 
algebra if and only if tliere are grouplike elements 6^ and in A* and A, respec- 
tively such that 5^ = e^#7~"'^a;^ and /i^ = and 

(4.4) s\a) = h,{6,^a^6,'')h,-' 

for all a E A. 

It is enough to check this conditions on the algebra generators of A namely, 
r E R and j{h) with h E H. 

4.14. Suppose that there are grouplike elements 6 G G{H*) and h G G{H), 
respectively such that 5^ = (y„'y~^ and h"^ = gg^. Consider 5^ = e#(5 and = 
l#/i. These are grouplike elements of A* and A, respectively and 5^ = e^#a^7~^ 
and hi = I4fgg„. 

For a = j{h) the condition 14.41 becomes 



(4.5) S\h) = h^{6 ^ h ^ 6-^)h^-^ 
For a = r one has that 

A^^^(r#l) = 0(ri)®0(r2) 

= {J^{ri)i^p{r2)) ® («^(r3)#p(r4)) 

= ('^(n)#p(r2)) ® (^^(r3)#l) 

since ri ® T2 ra C>?> ^(^4) = ri (g> T2 rs 1 for all r E R. 
Thus 

(e#(5) - (r#l) = (z/(ri)#p(r2)) < e#5, z/(r3)#l > 
= z/(ri)#p(r2) = z/(r)#l 
= r#l 

Similarly 

(r#l) - (6#ri) = (Kr3)#l) < e#r\ z/(ri)#p(r2) > 
= (z/(r2)#l)ri(p(ri)) 
Thus the condition 14.41 for a = r is 

(4.6) S\r) = {hM{r,))S-\p{r^)) 
for all r E R. 
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5. Quantum doubles which are ribbon 

Using the results from the previous section, we determine the left and right 
integrals of A = u{V, 0, 0) and its distinguished grouplike element. By duality, 
the integrals of A* and its distinguished grouplike element are also described. The 
condition obtained in the previous section for D{A) to be a ribbon algebra will be 
verified for A = u{V, 0, 0) 

Consider H = kG for an abelian group G and V he a finite dimensional Yetter- 
Drinfeld module over the group algebra kG. Then V has a basis (xj)i<j<e with 
Xi G where V^' := {gv = Xi{9)fJj ^i'^) = S'i ® "^j and 6 is the comodule 

structure of V. 

Suppose that V yV of finite Cartan type, which means Xi{9i) 1 all 
1 < i < 9 and there is a Cartan matrix of finite type {aij)i<i,j<e such that 

Xji9i)Xi{9j) = Xi{9iP' 

for all l<i,j <e. 

Let R = B{V) the Nichols algebra of a finite dimensional braided vector space 
V Gg yV of finite Cartan type. Then A = u{V, 0, 0) = B{V)i^kG and from 
Corollary ES] it follows that A* = u{V, 0, 0). 

Proposition 5.1. Let Aq = ^gizG9 the integral of kG and x = 11^=1 y^^~^ ■ 
Then ti = Aqx is a left integral of A and t^ = xAq is a right integral of A. 

Proof. Since x is a homogeneous element with maximal degree in B{V), it follows 
from [1] that a; is a left and right integral of R. Then 14.61 implies that Aqx is a 
left integral in A and 14.91 implies that xXg is a right integral in A. □ 

Proposition 5.2. The element 7 G G{A*) defined by 'y{g) = HiLi X/j ^'^^ 
7(xj) = is the distinguished grouplike element of A* . 

Proof. Using l478l the element = Q;^#7"^a^ is distinguished grouplike element 
of A*. In the situation R = B{V) and H = kG one has that = and 
= e^. On the other hand 7 is given by the equation g.x = 'y{9)x for all 
g E G. Since g.yi = i9)yi it follows that g.x = HiLi X^g ig)~^^^~^^x and thus 

Proposition 5.3. Let Ac* = |^ E^tGc"^ integral ofkG* andY = nr=i Y^'''^ 

Then Ti = Ag*Y is a left integral of A* and Tr = YAq* is a right integral of A* . 
Moreover the element g = Y[i=i 9l!^'~^^ distinguished group like element of 

A. 

Proof. Using Corollary 12.61 one has that A* = u(T>, 0, 0) where V was defined in 
Section [21 Then the Propositions 15.11 15.21 applied to u{V, 0, 0) give the integrals 
and the distinguished grouplike element of A*. □ 
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Theorem 5.4. Let V = {G, {gi)i<i<e, {Xi)i<i<e, (aij)i<jj<e) be a datum of 
Cartan type and A = u{T>, 0, 0) the pointed Hopf algebra associated to it. Assume 
that the order Ni of Xiidi) is odd for all i and is prime to 3 for all i in a connected 
component of type 6*2 ■ Then D{A) is a ribbon Hopf algebra. 

Proof. One has to verify relations l4.5l and l4.6l from l4.14[ Using the above notations 
it follows that x = llae'S>+ = lVi=i Vi^'^ a left integral itiR = B{V). On 

the other hand from Proposition 15.21 
9-x = (naG*+ which means that 

7 = n x:--'. 

oe<i>+ 

Similarly, Proposition 15.31 implies that t = IlaG^+^j^""^ ~ 11^=1^4^ "^ ^ 
right integral in R*. One has that x.F = x{Y[ae<s>+ 9^"'^^)'^ ^ ^ kG*, 

which shows that 

s = n s:--'- 

ae<J>+ 

Since A^^ is odd consider in |4.14|^ = Ylae'S>+ X~^~^ and h = Ylae'S>+ ■ 

Condition l4.5l is automatically satisfied since H = kG is co commutative. Indeed, 
if ^ G G then S^{g) = g and h{S ^ g ^ S-^)h-^ = S{g)6-\g)hgh~^ = g 

On the the other hand condition 14.61 has to be checked only on a set of algebra 
generators of R, for example Xi with 1 < i < 6^. Since A{xi) = Xi^l + gi®Xi this 
condition can be written as h.u{x.i)5~^{gi) = S'^(xj). Since S'^{xi) = Xi{9i)~^^i 
and i^(xj) = Xi this condition becomes Xi{h)S^^{gi) = Xi{9i)~^- 

For 1 < i < 6*, let Sj, given by s be the the reflection 

corresponding to the simple root a^. If (3 = Yls=i '^s'^s is a root then 
e e e 

SiiP) = ^ CsSi{as) = ^ Cs{as - ttisai) = (3 - c^ajs)ai 

s=l s=l s=l 

and therefore 

e 

(5.5) (Y^Csais)ai = (3 - Si{(3) 

s=l 

Then 

P VP 



5 \9i)Xi{h) = 11^/5/' ^9i)Xi(\{9,^^ ) = \{{Xp^{9i)x^{9,^))' 

i=i i=i i=i 

Suppose /3j = X]s=i Cjstts with Cjs G Z>o, for all 1 < j < p. Then 



s=l s=l 
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Suppose that ai G J, the connected component of the Dynkin diagram that con- 
tains ctj. Without loss of generahty one may suppose that ai, ■ ■ ■ , are the 
simple roots of J and ■■■ , are the corresponding positive roots. It 

follows that Xp^{.9i)Xi{.9fiJ = 1 if m ^ {1, ■ ■ ■ , since a^m = 0. 

Thus 6-\g,)xi{h) = Il^Li X*(^?i)^^'=^ Since x^{9i)''' = 1 one has that 



Thus, in order to show that D{A) has a ribbon element one has to check that 

Z^j=l Z^s=l 

Let pj = half sum of the positive roots of the connected component 

J. Using equation 15.51 one has {J2lLi(^isCjs)cii = Pj — for any 1 < j < pi- 

Therefore 

Pl 9i Pl 

i=i ■5=1 i=i 
Since Si(pj) = pj - one gets that YfjLi YllLi o-isCjs = 2. □ 

6. Appendix 

For n eN and q ^ 0, let (r;,)^ = 1 + gH — --l-g"^^ for n > 1 and (0)^ = 1. Define 
{n)g\ = (l)g(2),---(n), and let 

'n\ (n]q. 



be the quantum binomial coefficients. 
Note that if g 7^ then 

for all < k < n. The proof of this is deduced from the equalities: (^)q-i 
q-(n-i)(^n)g and (n)g-i! = 
If 6a = qba then 



n \ / a 



(a 

i=o ^"^ q 
for all n e N. 

Let A be a finite dimensional Hopf algebra. Suppose x, y E A such that 
A{x) = x®l + a®x, A(|/) = y®l + b®y where a, b E G := G{A). Moreover, 
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suppose that gxg~^ = x{g)^ ^'^^ 9y9~^ = l-^{g)y fo^' all (7 G G where £ G*. Let 
zn = ad{x)^{y). Then 

^ /N\ 

(6.2) z^ = J2i-'^y[ . xiaf'-'^/'fi{ayx''-^yx^ 

i=o ^ ^ ^ x(a) 

The proof of the above formula is by induction on A^. One has 

Zi = ad{x){y) = xy — ayS{x) = xy — aya^^x = xy — ii{a)yx 



and 
Thus 



zn+1 = ad{x){z]\!) = xz]\f — az^a ^x = xzn — f^{0')^NX 



N 



i=0 V V x(a) 

- f2i-^y(^) X{ay'^"'^^'fi{ayx''-'yx'^'x{affi{a) 

A'" / \ 

i=l ^ ^ / X{a) 



N+l 



t.i-^y (^^ ^) xiaf'-'^/'fiiayx^^'-^yx^ 



since 



We see that ^^at has the same formula as in [3], formula A. 8, pp.33. In Lemma 
A.l, pp. 33 of the same paper it is proved that if x{b)fi{a) = x^~^{(^) aiid Zr = 
Yll=o (^iX^yx^~^ then satisfy the following system: 

(6.3) ^^C) Kay-\{ar-'^ = 

l<i<r-h VVx{a)V / xia) 





— i 




h 


r — 




V 





(6.4) "^(0 C ') X(&)™x(a)^^™^ = 

u<i<r-v X(a) V ^ / x(a) 

The following lemma and its proof is similar to the Lemma A.l from [3]. 
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Lemma 6.5. Let A be a finite dimensional Hopf algebra. Suppose x, y & A such 
that A(x) = X (g) 1 + a (g) X, A{y) = y ® I + h ® y where a, h e G := G{A) 
and ah = ha. Moreover, suppose that gxg~^ = xid)^ ^^'^ 9y9~^ = f^{9)y for all 
g E G where x, At G G*. Assume that x{b)fi{a) = for some r > and let 

z = ad{xY~'^{y). Then z is a skew primitive element of A, A{z) = z^l + a^~^b®z. 

Proof. It can be shown that z = X]l=i where au are the scalars corre- 

sponding to the formula 16.21 and they are the same as in [3], Lemma A.L One has 
A(x") = X;r=o ® all n>0, where q = x{a). Thus 

A{z) = ( . ] a;*a""* x""') x {y®l + b®y)x 

EEE^-d) (''7) -'""-Va 

i,=n i—n i=n \ / a \ / o 



X 



u=0 i=0 j=0 \ / q \ -J / q 
r u r—u 



+ YYY^Ciu[.) x'a^'-'bx'a'-''-^ ® x'^^'yx'-''^' = 

u=0 i=0 j=0 V^/gV J J q 
r u r-u / \ / _ \ 



M=0 i=0 j=0 \ / 9 \ J / q 

UiX^yx^ ® 1 + 



i+j=r 



0<i+i<r i<u<r-j V^/gV J /g 



M=0 



= 2; (g) 1 + a''6 (g) z 

The last equality is true since the first term of the above sum is 2; (g 1 and the 
third term is a'^b (g z. By formula 16.31 for each i + j < r the coefficient of the 



24 SEBASTIAN BURCIU 

x^yx^a^'"^'^ ^x^~^~^ in the second term is zero. Similarly, using that (")^ = J , 

formula [63] implies that the coefficient oi x^^^ a^'^^^^h®x"'~^yx'^'~^~^ in the last term 
is zero. □ 

Corollary 6.6. With the notations from Section\^ the element z = (id^.^{C,iY~°'^^ {^j) 
is skew primitive in A* : 

A{z) =z^l + x]~"''Xj®z 

for all 1 < i, j < 9. 

Proposition 6.7. With the notations from Section\^ one has that 
ad^.J^iX-'y-^H^^Xj') = for all l<z,j<9. 

Proof. Note that Proposition 12.21 implies that the relations 



(6.8) XaX~' = X'{9^)^^, {^^XT = X{g^^-^QX^ 

hold in A* for all x ^ G{A*), 1 <i < 9 and any n, s >0. 

Using formula 16.21 the relation cfi^, (^i)^""'-' (0) — can be written as: 

^ /N\ 

x^i9^r'-'^^'xA9^nr'c,a = o 

where = l-aij. Since Aa.(6) = one has /^D{A)*{ii) = 

and thus AD(A){^iX7^) = Xi^ ® iiXi^ + iiXi^ ® 1- 
Using again formula 16.21 one has 



N / \ 



N / \ 

E(-i)v) x^i9.r''-''^\7\9,r ■ 

f:N^s-{N-s)^ ^~lf:s-s-l(^ ■ {N-s)(N-s-l)/2+sis-l)/2 

Si Xi ^jXj <,i Xi Xi \9t) 



^3 

N 



<r'x-^''-'^^3xJ'^!x-'x^{9i)-'^'-''^ = 
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s=0 V / Xi(9i) 

N / \ 



N 

j2\ 



s=0 ^ Xt(9i) 



s=0 \ / x^{gi) 



N 



x-\i''xM^r''x.{9r Y.^'irr\ x.{9.r''-''^\.{9r'''^%{9.r 



s=0 ^ Xt{9i) 



If = 1 - aij then -Ns + s = aijs and ' = Xi{.9j) 

Thus 



adii^X-'f-^'Hi^X-') = X-\■''x^{9,)-'^'-^'^h^{9^Y''-''''^^' 

■ f:i-ir n x^{9ir''-''^\.{9,nr%a = 

o=n V / \i(cii) 



s=0 ^ ^ Xi(9i) 

Formula EI] for q = Xi{9i) ^^id relat ions 16 . 8 1 were used in the above computations. 

□ 

Acknowledgments. The author thanks to N. Andruskiewitsch for suggesting the 
general treatment from Section |4] and for the useful comments on the paper. 
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